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Abstrat. We study repetitions in innite words oding exhange of three intervals with permu-
tation (3,2,1), alled 3iet words. The language of suh words is determined by two parameters ε, ℓ.
We show that niteness of the index of 3iet words is equivalent to boundedness of the oeients of
the ontinued fration of ε. In this ase we also give an upper and lower estimate on the index of
the orresponding 3iet word.
1. Introdution
In this paper we study the index of innite words of a ertain lass, namely innite words oding
exhange of three intervals, the so-alled 3iet words. The index of an innite word u desribes maximal
repetition of a fator of u. The study of repetitions in innite words has beome more extensive in
reent years, also beause of possible appliations in the spetral theory of assoiated Shroedinger
operators (see Remark (v) in Setion 4). Repetitions in the most prominent innite words, namely
Sturmian words, were studied by many authors. The rst haraterization of Sturmian words with
nite index was given by Mignosi in [13℄.
Theorem 1. Let ε ∈ (0, 1) be an irrational number with ontinued fration expansion of the form
[0, a1, a2, . . . ]. A Sturmian word uε with the slope ε has a nite index if and only if the sequene
(an)
∞
n=1 is bounded.
The haraterization of words with nite index is known also for another lass of innite words,
namely for the words oding rotations. The language of these words depends on a pair of parameters,
(α, β). Adamzewski in [1℄ introdues the notion of D-expansion of suh a pair. In [2℄ he then uses
this notion to haraterize words oding rotations whih have nite index.
Our aim is to haraterize 3iet words with nite index. This is the ontent of our main result,
Theorem 5, whih we prove in Setion 3. Before that, we introdue neessary notions and results,
(Setion 2). Although 3iet words are ternary words, they are losely onneted to both mentioned
lasses of binary words: Every Sturmian word and every oding of rotation is an image of a 3iet word
under a suitable morphism. In Setion 4 we disuss the relation of results obtained for 3iet words
with results known for these binary words.
2. Preliminaries
2.1. Basi notions of ombinatoris on words. An alphabet A is a nite set of symbols, alled
letters. A word w of length |w| = n is a onatenation of n letters. A∗ is the set of all nite words
over the alphabet A inluding the empty word ǫ. Equipped with the operation of onatenation, it is
a monoid. We dene also innite words u = (un)n∈N ∈ A
N
. A nite word v ∈ A∗ is alled a fator of
a word w (nite or innite), if there exist words w(1), w(2) suh that w = w(1)vw(2). If w(1) = ǫ, then
v is said to be a prex of w, if w(2) = ǫ, then v is a sux of w. The set of all fators of u is alled the
language of u and denoted by (u). The ourrene of a fator w of an innite word u = u0u1u2u3 · · ·
is an index i ∈ N suh that w is a prex of the innite word uiui+1ui+2 · · · . An innite word u is
said to be reurrent if every fator w ∈ (u) has in u at least two ourrenes (and thus innitely
many ourrenes). If moreover the distanes between onseutive ourrenes of a given fator w are
bounded for every w ∈ (u), then the innite word u is alled uniformly reurrent.
In this paper we fous on repetition of fators in innite words. We say that a word v is a power
of a word w, if |v| ≥ |w| and v is a prex of the periodi word www · · · . We write v = wr where
r = |v|/|w|. The index of a word w in an innite word u is dened by
(1) ind(w) = sup{r ∈ Q | wr ∈ (u)} .
It is easy to show that in uniformly reurrent non-periodi words, every fator w has nite index. Tak-
ing supremum of indies over all fators of an innite word u, one obtains an important harateristis
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of u, the so-alled index of u. Formally,
(2) ind(u) = sup{ind(w) | w ∈ (u)} .
2.2. Words oding exhange of three intervals. We onsider the index of innite words od-
ing exhange of three intervals with permutation (3, 2, 1). This transformation Tε,ℓ depends on two
parameters ε, ℓ whih satisfy the ondition
(3) ε ∈ (0, 1) \Q , max{ε, 1− ε} < ℓ < 1 .
It is dened as Tε,ℓ(x) : [0, ℓ) 7→ [0, ℓ),
Tε,ℓ(x) :=


x+ 1− ε for x ∈ IA := [0, ℓ− 1 + ε) ,
x+ 1− 2ε for x ∈ IB := [ℓ− 1 + ε, ε) ,
x− ε for x ∈ IC := [ε, ℓ) .
The orbit of a point x0 ∈ [0, ℓ) under the transformation Tε,ℓ an be oded by the innite word
uε,ℓ,x0 = (un)n∈N in the alphabet {A,B,C}, where
(4) un = X , if T
n
ε,ℓ(x0) ∈ IX .
The innite word uε,ℓ,x0 is alled a 3iet word. Many ombinatorial properties of suh words an be
found in [10℄. An equivalent approah to suh words using ut-and-projet sequenes is given in [11℄.
Let us point out that a 3iet word is aperiodi, uniformly reurrent, and its language (and inpartiular
also its index) does not depend on the hoie of the initial point x0. Consequently we will often omit
x0 in the notation of 3iet words.
2.3. Sturmian words. 3iet words an be onsidered as generalizations of Sturmian words. These
an be dened by many equivalent ways, one of them uses exhange of two intervals. For an irrational
ε ∈ (0, 1) we dene the mapping Tε : [0, 1) 7→ [0, 1) by
(5) Tε(x) =
{
x+ 1− ε for x ∈ I0 := [0, ε) ,
x− ε for x ∈ I1 := [ε, 1) .
The innite word uε,x0 = (un)n∈N ∈ {0, 1}
N
oding the orbit of a point x0 ∈ [0, 1) under Tε is given
by
(6) un =
{
0 if T nε (x0) ∈ I0 ,
1 if T nε (x0) ∈ I1 .
The word uε,x0 is the upper mehanial word orresponding to α = 1− ε and β = x0. Similarly, lower
mehanial words are obtained by oding exhange of intervals of the type (·, ·]. It is the representation
of Sturmian words by two interval exhange whih will be the most used here.
The language and thus also the index of a Sturmian word uε,x0 does not depend on the initial
point x0, but rather only on the parameter ε, whih is alled the slope of uε,x0 . Therefore we use the
notation uε without speiation of x0.
In ase that the index of a Sturmian word is nite, its value is also desribed. The exat result has
been independently obtained in [4℄ and [7℄.
Theorem 2. Let ε ∈ (0, 1) be an irrational number with ontinued fration expansion of the form
[0, a1, a2, . . . ]. Then for a Sturmian word uε with the slope ε we have
ind(uε) = sup
{
2 + aN+1 +
qN−1 − 2
qN
∣∣∣ N ≥ 0} ,
where qN are the denominators of the onvergents of ε.
This theorem will be useful for the desription of the index of 3iet words, sine one an haraterize
3iet words by Sturmian words, as has been shown in [3℄. For the preise formulation of the result,
we need the notion of a morphism ϕ of the monoid A∗ to the monoid B∗, where A, B are nite,
in general dierent, alphabets. Let us reall that a morphism ϕ : A∗ 7→ B∗ is a mapping satisfying
ϕ(vw) = ϕ(v)ϕ(w) for every v, w ∈ A∗. It is obvious that a morphism is uniquely determined by the
values ϕ(a) for every letter a in the alphabet A. The ation of a morphism an be naturally extended
to an innite word u ∈ AN by
ϕ(u0u1u2 · · · ) := ϕ(u0)ϕ(u1)ϕ(u2) · · · .
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Theorem 3. Let σ01, σ10 : {A,B,C}
∗ 7→ {0, 1}∗ be morphisms dened by
σ01 : A 7→ 0 , B 7→ 01 , C 7→ 1 ,
σ10 : A 7→ 0 , B 7→ 10 , C 7→ 1 .
(7)
• A ternary word u ∈ {A,B,C}N is a 3iet word if and only if both σ01(u) and σ10(u) are
Sturmian words.
• If u is a 3iet word with parameters ε, ℓ, then σ01(u) and σ10(u) are Sturmian words with slope
ε.
The above theorem motivates the notion of amiability of words disussed next. We say that
the word w(1) ∈ {0, 1}∗ ∪ {0, 1}N is amiable with w(2) ∈ {0, 1}∗ ∪ {0, 1}N, if there exists a word
w ∈ {A,B,C}∗ ∪ {A,B,C}N suh that w(1) = σ01(w) and w
(2) = σ10(w), we then write w
(1) ∝ w(2).
Note that this relation is not symmetri. The word w is alled the ternarization of the pair w(1), w(2)
and denoted by w = ter(w(1), w(2)). This notion is illustrated on Figure 1.
w(1) =
w(2) =
w =
0
0
A
1
1
C
0
0
A
0 1
1 0
B
0
0
A
1
1
C
Figure 1. The word w(1) = 0100101 is amiable to w(2) = 0101001. Their ternar-
ization is the word w = ACABAC.
Remark 4. Note that the ternarization of w(1) and w(2) with w(1) amiable to w(2) is unique, as is
lear from Figure 1.
2.4. Words oding rotations. The transformation Tε(x) of (5) dening Sturmian words an be
rewritten in a more ompat form using the frational part {y} := y − ⌊y⌋ as
Tε(x) = {x+ (1− ε)} , for x ∈ [0, 1) .
In these terms, the n-th iteration of Tε(x) an be given as T
n
ε (x) = {x+ n(1− ε)}, and therefore the
denition of the Sturmian word oding the orbit of 0 an be rewritten simply as
un =
{
0 if {n(1− ε)} ∈ [0, ε) = I0 ,
1 if {n(1− ε)} ∈ [ε, 1) = I1 .
Relaxing the relation between the length of the intervals I0, I1 and the slope ε, we obtain a gener-
alization of Sturmian words alled oding of rotations. Suh a word u = (un)n∈N depends on two
prameters α, β ∈ [0, 1), α /∈ Q, and is given by
un =
{
0 if {nα} ∈ [0, β) = I0 ,
1 if {nα} ∈ [β, 1) = I1 .
It is interesting to mention the relation of odings of rotations and 3iet words whih was desribed
in [1℄: For every word u ∈ {0, 1}N oding of rotation, there exists a 3iet word v ∈ {A,B,C}N and an
integer k ∈ N suh that u = Φk(v), where Φk : {A,B,C}
∗ 7→ {0, 1}∗ is a morphism
Φk(A) = 0 ,
Φk(B) = 01
k+1 ,
Φk(C) = 01
k .
One an give also the opposite statement: The innite word Φk(v) is a oding of rotation for every
3iet word v and every k ∈ N.
3. Powers in 3iet words
The aim of this setion is a haraterization of 3iet words with nite index. We prove the following
theorem.
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Theorem 5. Let ε, ℓ be parameters satisfying (3) and let ε = [0, a1, a2, . . . ] be the ontinued fration
expansion of ε. Let u ∈ {A,B,C}N be a 3iet word with parameters ε, ℓ. Then
ind(u) < +∞ ⇐⇒ sup
n∈N
an < +∞ .
The haraterization of 3iet words having nite index is thus analogous to that proved in 1989 by
Mignosi for Sturmian words, see [13℄. For the proof, we divide Theorem 5 into two impliations.
Proposition 6. Let uε,ℓ be a 3iet word with parameters ε, ℓ and let ind(uε,ℓ) = +∞. Then supn∈N an =
+∞, where an are partial quotients of the ontinued fration of ε.
Proof. Sine ind(uε,ℓ) = +∞, we an nd for every j ∈ N a fator w ∈ (uε,ℓ) suh that w
j ∈ (uε,ℓ).
This means, using Theorem 3, that σ01(w
j) =
(
σ01(w)
)j
∈ (uε). Any Sturmian word with slope ε
therefore ontains arbitrarily long integer powers, and thus ind(uε) = +∞. The statement of the
proposition then follows from Theorem 1. 
Theorem 2 implies that in ase of a Sturmian word with nite index, the integer power ourring
in uε is at most 2 + supk≥1 ak. A diret onsequene of the proof of Proposition 6 is the following
orollary.
Corollary 7. For integer exponents j of powers of fators ourring in a 3iet word uε,ℓ we have
j ≤ 2 + sup
n∈N
an .
For the demonstration of the impliation opposite to Proposition 6 we use a more detailed desrip-
tion of the struture of Sturmian words, as an be found in [12℄. For ε = [0, a1, a2, a3, . . . ] we dene
a sequene of words sn reursively by
s−1 := 1, s0 := 0, s1 := s
a1−1
0 s−1, and for n ≥ 2 sn+1 := s
an+1
n sn−1 .
It is known that the word dened by
cε := lim
n→∞
sn
is a Sturmian word with slope ε. The innite word cε plays an outstanding role among Sturmian
words of the same slope. Usually, it is alled the harateristi word of ε. The languages (cε) and
(uε) oinide for every Sturmian word uε with slope ε. We will make use of the blok struture of the
word cε, see [7℄.
For arbitrary xed n ∈ N we denote
(8) k := an+1 , E := sn , F := sn−1 .
Then the innite word cε is a onatenation of two bloks, namely E
k+1F and EkF . From the
denition of the sequene (sn) it follows that for n ≥ 2 we have |E| > |F | and that the rst letters
of the words E and F oinide. In order to explain what this means for the struture of a Sturmian
word uε, we reall the notion of shift Γ : A
N 7→ AN on an innite word u = u0u1u2 · · · ,
Γ(u0u1u2 · · · ) = u1u2u3 · · · .
On the set of nite words we an dene the yli shift γ : A∗ 7→ A∗ by
γ(w0w1 · · ·wn−1) = w1 · · ·wn−1w0 .
Sine uε has the same language as the harateristi word cε, the innite word uε is (up to a prex)
also a onatenation of bloks Ek+1F , EkF . Formally, for every uε there exists an index i0 suh that
the innite word Γi0(uε) is a onatenation of bloks E
k+1F and EkF .
Proposition 8. Let uε,ℓ be a 3iet word with parameters ε, ℓ, and let the ontinued fration ε =
[0, a1, a2, a3, . . . ] have bounded partial quotients. Then
ind(uε,ℓ) ≥ sup
n∈N
⌊an
2
⌋
.
Proof. Denote by u(1), u(2) the following Sturmian words with slope ε
u(1) := σ01(uε,ℓ) , u
(2) := σ10(uε,ℓ) .
We know that u(1) is amiable with u(2). Thus for arbitrary iteration i ∈ N of the shift we have
Γi(u(1)) ∝ Γi(u(2)) or Γi+1(u(1)) ∝ Γi+1(u(2)) .
POWERS IN 3IETS 5
Our aim is to nd a fator w in uε,ℓ whih has in uε,ℓ suiently long power w
m
. We will onstrut
the fator w as the ternarization of pairs of amiable words E and yli shifts of E. We will use the
notation of (8). We distinguish two ases.
(1) Suppose that there exists an iteration i of the shift and m ∈ N suh that
Γi(u(1)) = E2E
mFr(1) , Γi(u(2)) = Ek+1Fr(2) ,
where r(1), r(2) are suxes of innite words u(1), u(2) and E2 is a sux (possibly empty) of
the fator E. The situation is depited on Figure 2.
u(1) = · · ·
u(2) = · · ·
· · ·
· · ·
E E E F
F E E E E E F✻
i
❄
i
Figure 2.
Then there exists a prex E1 of E suh that E = E1E2 and
Γi(u(1)) = (E2E1)
mE2Fr
(1) .
Sine E and F start with the same letter, we an write
Γi+1(u(1)) =
(
γ(E2E1)
)m
rˆ(1) , Γi+1(u(2)) =
(
γ(E)
)k+1
rˆ(2) ,
where rˆ(1), rˆ(2) are some suxes of innite words u(1), u(2), respetively. Sine u(1) ∝ u(2),
we have either Γi(u(1)) ∝ Γ(i)(u(2)) or Γi+1(u(1)) ∝ Γ(i+1)(u(2)). In the former ase, E2E1 ∝
E, in the latter, γ(E2E1) ∝ γ(E). Due to the repetitions in u
(1)
and u(2) we an then
infer (using Remark 4) that the innite word uε,ℓ thus ontains fators
(
ter(E2E1, E)
)m
or(
ter(γ(E2E1), γ(E))
)m
.
(2) Let us suppose that i is an iteration of the shift suh that
Γi(u(1)) = Ek+1Fr(1) , Γi(u(2)) = (E2E1)
mFr(2) ,
where r(1), r(2) are some suxes of innite words u(1), u(2), as depited in Figure 3. Analo-
gously to the ase 1, one nds the power wm in the innite word uε,ℓ.
u(1) = · · ·
u(2) = · · · · · ·
· · ·
E E E F
F E E E E E F
✻
i
❄
i
Figure 3.
Let us now nd m ≥ ⌊k2 ⌋ suh that situation 1 or 2 ours. Again, we disuss two ases.
• Suppose we nd the ourrenes of the fator F in the words u(1), u(2) suh that indies
oupied by F in u(1) and indies oupied by F in u(2) have a non-empty overlapping, see
Figure 4. In this ase learly m ≥ k − 1.
• In the opposite ase, onsider iteration t of the shift suh that
Γt(u(1)) = Ek+1Fr(1)
for some sux r(1) of u(1) and nd the minimal index j ≥ 0 suh that Γt+j(u(2)) = FEkr(2).
The blok struture of u(1) ensures that j < |E|(k + 1)− |F |, see Figure 5.
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u(1) = · · ·
u(2) = · · · · · ·
· · ·
E F E E
E F E E
✻
i
❄
i
Figure 4.
u(1) = · · ·
u(2) = · · · · · ·
· · ·
E E E F E E E
F E E E E E F
✻
t
✻
t+j
✻
t+j+|F |
✻
t+(k+1)|E|
✲✛
x ✲✛
y
Figure 5.
As x := j and y := (k+1)|E|−j−|F | satisfy x+y = (k+1)|E|−|F |, either x or y is greater
than
1
2
(
(k + 1)|E| − |F |
)
. If the greater one is x, we put i := t, otherwise i := t+ j + |F |. In
both ases
m ≥
⌊ (k + 1)|E| − |F |
2|E|
⌋
≥
⌊k
2
⌋
.

4. Comments
(i) Theorems 1 and 5 say that for arbitrary ε, any 3iet word uε,ℓ and Sturmian word uε satisfy
ind(uε,ℓ) < +∞ ⇐⇒ ind(uε) < +∞ .
Boundedness of the index of a 3iet word uε,ℓ thus does not depend on the parameter ℓ.
(ii) If ind(uε,ℓ) is nite, we have an estimate
(9)
⌊K
2
⌋
≤ ind(uε,ℓ) ≤ K + 3 ,
where K := maxn∈N an. One an ask, whether the index of a 3iet word an be lose to
both the upper and the lower bounds, depending on the parameter ℓ. Reall that ℓ satises
max{ε, 1− ε} < ℓ < 1.
Consider a sequene ℓn ∈ (0, 1) with limn→∞ ℓn = 1, and a sequene of transformations
Tε,ℓn . Let us denote by u
(n)
the 3iet word oding the orbit of x0 = 0 under the transformation
Tε,ℓn . The length of the interval IB := [ℓn − 1 + ε, ε) is approahing 0, as n tends to innity,
therefore the density of the letter B in words u(n) also dereases to 0. Obviously,
lim
n→∞
u(n) = uε ,
where uε is the Sturmian word in the alphabet {A,C} oding the orbit of 0 under Tε. Sine uε
ontains integer powers K +1, the index of innite words u(n) for suiently large n satises
ind(u(n)) ≥ K + 1.
The index of 3iet words will take values greater than K + 1 also if we onsider parameters ℓ
approahing to max{ε, 1 − ε}. The limit results in a Sturmian word in the alphabet {A,B}
or {B,C}.
How well the lower bound in (9) an be approahed, remains an open question.
(iii) As mentioned in Setion 2, every word v oding a rotation is a morphi image of a 3iet word
u. We show that ind(v) and ind(u) an substantially dier. Consider the sequene of words
u(n) dened in (ii) with slope ε with bounded partial quotients. Take the morphism Φ0 : A 7→
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0, B 7→ 01, C 7→ 0. The index of u(n) is then bounded by K + 3, whereas the words Φ0(u
(n))
oding rotations have as limit the periodi word 0000 · · · , and thus ind(Φ0(u
(n)))→ +∞.
(iv) For Sturmian words with parameter ε it is known [13, 8℄ that the three properties, namely
nite index, boundedness of the oeients of the ontinued fration expansion of ε, and linear
reurrene are all equivalent. This is not the ase anymore for 3iets as disussed in [9℄ based
on some (unpublished) work of Boshernitzan.
(v) Powers in words play a role in the study of the assoiated Shroedinger operators. In fat,
due to the so-alled Gordon argument, ourrene of suiently many powers of order three
(and higher) an be used to exlude eigenvalues (see [6℄ for a survey on this topi and further
referenes). Whenever the ontinued fration expansion of ε has innitely many oeients
with value at least six, we an then onlude (almost sure) absene of eigenvalues. This gives
a somewhat more expliit version of a result of [5℄. Note, however, that the onsiderations of
[5℄ are not onned to 3iets.
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